This paper proposes procedures for estimating age-status-specific demographic rates to ensure that the projected summary measures of marriage/union formation and dissolution and marital and non-marital fertility in the future years are achieved consistently. The procedures proposed in this paper can be applied in both macro and micro models for family household or actuarial/welfare projections and simulations that need the time-varying age-status-specific demographic rates as input.
The practical usefulness explains why family households projection models have received considerable attention from demographers (e.g. Hammel, McDaniel, and Wachter 1981; Van Imhoff and Keilman 1992; Wolf 1994; Wachter 1997; Zeng, Vaupel, and Wang 1997; Zeng, Vaupel, and Wang 1998; Wachter 1998; Tomassini and Wolf 2000 ).
Yet a technical problem remains to be resolved: how do we estimate demographic rates including age-sex-specific marital status transitions and age-parity-specific marital and non-marital fertility for projecting or simulating family households in the future years? As Keyfitz (1972) pointed out, projection with trend extrapolation of each agespecific rate can result in an excessive concession to flexibility and readily produce erratic results. We, therefore, focus on projection of the demographic summary measures of propensities of marital status transitions, Total Fertility Rate (TFR), and the ratio of the non-marital general fertility rate to the marital general fertility rate, based on trend extrapolation (or expert opinion). We also use a set of age-specific standard schedules to define the age patterns of the demographic processes.
The propensities of marital status transitions are defined as the total number of events of transition from marital status i to j divided by the total number of events that lead to entering marital status i in the context of multi-state marital status life tables (Schoen 1988:95) 1 . For example, the propensity of divorce in a period or a cohort is defined as the total number of divorces divided by the sum of total numbers of first marriages and remarriages during the whole life course of a hypothetical cohort or a real cohort. The period propensities refer to the probabilities of marriage/union formation and dissolution of a hypothetical cohort of persons if they experience the period age-specific rates of the marital status transitions in their life.
The propensities of marital status transitions are clearly defined and easily understandable demographic summary measures that represent the overall average intensity of occurrence of the events of the marital status changes among the at-risk population in the life table context. For example, that the propensity of divorce in year t is 0.4 means that 40% of all marriages would eventually end in divorce, if a hypothetical cohort experienced the observed (or projected) rates of the marital status transitions in year t. TFR and the ratio of the non-marital general fertility rate to the marital general fertility rate are clearly defined and easily understandable summary measures that represent the overall fertility level and fertility differentials between non-married and married women. The projected summary measures that reflect the anticipated changes in marital status and marital and non-marital fertility may be the results of time series analysis or forecasting based mainly on experts options 2 .
The needed standard schedules of age-specific rates of marital status transitions and marital and non-marital fertility rates are derived from the recent demographic data resources. We need only one set of the age-specific standard schedules based on recent data from the population under study or from another population that has similar age patterns of the demographic rates as compared to the study population. The age-specific standard schedules define the age pattern of marital status changes and marital and nonmarital fertility based on the empirical data and serve as a baseline for estimating the time-varying age-status-specific demographic rates to be consistent with the projected summary measures in the future years. The age-specific standard schedules can either be fixed or include systematic changes in timing and shapes in the projection years 3 .
The projected summary measures and the needed standard schedules in the family households projection are similar to the requirement of standard schedules of agespecific fertility, mortality, and migration rates and the projected future years' TFR, life expectancies at birth, and Total Migration Rates in the classical population projection.
The basic strategy for estimating future years' age-specific rates adopted in the family households projection is similar to the one used in the classical population projections, but the procedures differ substantially.
The classical population projection forecasts age and sex distributions. It includes births, deaths, and migration only, but disregards marital, parity and family status changes. In this case, one may follow either non-parametric or parametric approaches (e.g. Lee and Carter 1992; Rogers 1989) to estimate the needed time-varying agespecific fertility, mortality and migration rates independently. The simplest nonparametric approach inflates or deflates the standard age-specific schedules of fertility, mortality, and migration to get age-specific rates that are in consistent with the projected TFR, life expectations at birth, and Total Migration Rates in the future years. For example, if the projected TFR increases by 10%, one may simply inflate all age-specific fertility rates by 10%, independent of changes in age-specific mortality and migration rates.
But the estimation of the age-specific marital status transition rates and age-paritymarital status-specific fertility rates in the family households projection cannot be carried out by simply inflating or deflating each set of age-specific standard schedules of the demographic rates independently. This is because interrelations and consistencies of changes in transitions among various marital statuses and the fertility differentials of married and non-married women must be considered. For example, changes in the propensity of one marital status transition affect the at-risk population and the number of events of other marital status transitions. Changes in the propensities of first marriage and remarriages cause changes in the at-risk population and the number of events of divorce; changes in the propensity of divorce affect the at-risk population and the number of events of remarriage. This interrelation between the events and at-risk 6 populations of various marital status changes is the reason why the projected x% of changes in the propensity of the marital status change cannot be achieved through simply inflating or deflating the corresponding age-specific transition rates by x%.
As an example for purposes of illustration, we consider the observed age-specific probabilities of marital status transitions in [1990] [1991] [1992] [1993] [1994] of changes in propensity of the marital status changes cannot be achieved through simply inflating or deflating the corresponding age-specific probabilities of the marital status transitions by x%. This is entirely different from the case in the classical population projection that x% changes in TFR can be achieved through simply inflating or deflating the age-specific fertility rates by x%. Thus, estimations of age-specific rates of marital status transitions and non-marital and marital fertility in the future years need procedures that ensure that the projected propensities of marital status changes and fertility will be achieved consistently. We have not seen publications that deal with such estimation procedures. We aim to investigate a systematic approach in this paper to estimate agestatus-specific demographic rates to be in consistent with the projected summary measures of demographic changes for enhancing the family households projection.
One may consider projecting the summary measures and age-status-specific demographic rates for each cohort and following the cohort approach to project family households. This, however, is often impractical, since the cohort data on changes in marital status, fertility, mortality, and migration, on which the extrapolation into future trends of each cohort are based, are usually unavailable or incomplete. In contrast, the period data, which can be based on cross-sectional and retrospective survey data or vital statistics, are much easier to obtain. We, therefore, practically follow the period approach to estimate the age-status-specific demographic rates for the family households projection 5 , although the procedures proposed in this paper are in principle applicable to both period and cohort approaches. We will present the procedures for estimating agespecific probabilities of marital status transitions and age-parity-marital status-specific probabilities of fertility in the following two sections 6 .
Estimating Age-Specific Probabilities of Marital Status Transitions that are

Consistent with the Projected Propensities of Marriage/Union Formation and Dissolution
The marital status life table is constructed based on the age-specific probabilities, which are translated from the occurrence/exposure rates of marital status transitions.
Instead of using the general term "rates", as was used in the Introduction for simplicity, we will use the more precisely defined term "probabilities" in the rest of this paper. We will establish a set of general simultaneous equations, that yield a consistent set of projected propensities of marital status transitions. Based on the general simultaneous equations, we will then discuss an iterative procedure for estimating the age-specific probabilities of marital status transitions that are consistent with the projected propensities of marriage/union formation and dissolution.
Let A(i,j,t+1) (i,j=1, 2 , ... M, , where M is the number of marital statuses distinguished) denote the projected propensity of transition from marital status i to j in year t+1, i.e., the life table proportion of events of transition from marital status i to j among all events of transitions leading to marital status i in year t+1; l i (x,t+1), the number of persons aged x with marital status i in the life table population in year t+1; p ij (x,t+1), the probability of transition from marital status i to marital status j between age x and x+1 in year t+1. Thus,
Where α and ω are the lowest and the highest ages at which the marital status transition may occur. Our task is to estimate the unknown p ij (x,t+1) based on the known p ij (x,t), and to estimate p ij (x,t+2) based on p ij (x,t+1), …, and so forth. We start with t=T 0 , the starting year of the projection, and let p ij (x,T 0 -1) be equal to the standard schedules of probabilities of marital status transitions, which are estimated based on the recent demographic data. The question now is: how can one estimate an unknown p ij (x,t+1) that are in consistent with the projected A(i,j,t+1) based on the known p ij (x,t)? Let X(i,j,t) denote the factor for adjusting p ij (x,t) in order to estimate p ij (x,t+1). We replace p ij (x,t+1) by p ij (x,t) X(i,j,t) in the simultaneous Eqs. (1):
If we knew l i (x,t+1), the simultaneous Eqs. (2) would be analytically solvable and the unknown adjusting factors X(i,j,t) would be derived directly and analytically, because the number of equations is equal to the number of unknowns in the simultaneous Eqs. (2). Yet l i (x,t+1), which can be derived only through construction of a multi-state marital status life table based on the age-specific schedule of p ij (x,t+1) (see, e.g., Willekens 1987; Schoen 1988) , are, however, unknown. Thus, we cannot directly and analytically solve Eqs. (2) to derive the adjusting factors X(i,j,t). Since l k (x,t+1) and l k (x,t) in the two adjunct years are generally close to each other, we replace l k (x,t+1) by l k (x,t) as an approximation in Eqs. (2):
Note that l i (x,t) and p ij (x,t) are known, X(i,j,t) are unknown, and the left side and right side are approximately equal in Eqs. (3). Here we adopt an iterative procedure to drive p ij (x,t+1) that are in consistent with the projected A(i,j,t+1).
We first use p ij (x,t) to construct a multi-state life table to get the first set of propensities of marital status transitions in year t (A 1 (i,j,t)), which are not equal to (i,j,t) , which are closer to A(i,j,t+1). We repeat this iterative process for n times, until all of the A n (i,j,t) are almost exactly equal to A(i,j,t+1). For example, the absolute value of the relative discrepancy rate is less than 0.001, namely,
The numerical applications have shown that the above described procedure converges to the true estimates of p ij (x,t+1) that are precisely consistent with the projected propensities of marriage/union formation and dissolution (A (i,j,t+1) ). The number of the iterations depends on the number of marital statuses distinguished in the model and the magnitude of the changes in the propensities between year t and t+1.
We present in the Appendix an illustrative numerical application to verify the convergence including nine sets of age-specific marital status transition probabilities among five marital statuses (Single, Married, Widowed, Divorced, and Cohabiting).
After 46 iterations (n=46) in this illustrative application, each X n (i,j,t) is equal to 1.000; each A n (i,j,t) is extremely close or equal to project A(i,j,t+1); all absolute values of the discrepancy rate between A n (i,j,t) and A(i,j,t+1) are less than 0.001. The discrepancy rate can be reduced further with additional iterations. For example, the discrepancy rate is less than 0.0001with 91 iterations. We therefore consider that that convergence is achieved, and the goal of estimating p ij (x,t) to be consistent with the projected A(i,j,t+1) has been achieved. demonstrates that the simpler iterative procedure described above is valid. The simpler procedure is adopted since it avoids unnecessary complications while it produces equally accurate results. We do not present the extremely complicated mathematical expressions of the solutions of Eqs. (3) in this paper (they are available upon request), because they do not make any additional contributions.
Estimating Age-Parity-Marital Status-Specific Probabilities of Births that are
Consistent with the Projected Summary Measure of Fertility in the Future Years
Let m denote marital status (e.g. m=1,2,3,4,5, referring to never-married, married, widowed, divorced, and cohabiting); p, parity status (p=0,1,2,3,…C, where C is the highest parity considered);
fs(x,m,p), standard schedules of age-parity-marital status-specific probabilities of birth (p≥1);
w(x,m,p,t), number of women of age x, marital status m, and parity p in year t before parity status changes are calculated 8 ;
f(x,m,p,t), age-parity-marital status specific probabilities of birth in the projection year t (p≥1);
TFR(p,t), parity-specific total fertility rates for women of all marital statuses combined (p≥1); r(m,t), ratios of non-marital fertility to marital fertility; r(m,t) is defined as the ratio of the general fertility rate of women with non-married status m to the general fertility rate of currently married women 9 ; the marital status specific general fertility rate is defined as the number of births given by women with marital status m divided by the total number of women with reproductive ages (15 to 49) and marital status m.
The projected or assumed TFR(p,t) and r(m,t) are known. fs(x,2,p), the standard schedule of fertility for married women, is required and known. The standard schedule of fertility for non-married women (fs(x,m,p), m≠2) is optional, and is either known or can be estimated. w(x,m,p,t) in year t is known from the projection of the preceding year t-1. When t is the starting year (T 0 ), w(x,m,p,T 0 ) is derived from the census sample (or 100%) data file. f(x,m,p,t) is unknown, and will be estimated to be consistent with the projected summary measures of fertility (TFR(p,t) and r(m,t)) using the following procedures.
Step 1. Initial estimates of f (x,m,p,t) We let the known age-parity-marital status specific probabilities of birth in year t-1 (f(x,m,p,t-1)) be the initial estimate of the unknown age-parity-marital status specific probabilities of birth in year t, denoted as f'(x,m,p,t), namely, f'(x,m,p,t)=f(x,m,p,t-1). In the starting year (t=T 0 ) of the projection, f'(x,m,p,T 0 ) is equal to fs(x,m,p). If fs (x,m,p) for non-married women (m≠2) are not available, the f'(x,m,p,T 0 ) in the starting year is estimated as f'(x,m,p,T 0 )=fs(x,2,p) r(m,t), where fs(x,2,p) are standard schedule of ageparity specific probabilities of birth for currently married women. In this case, one assumes that the age trajectory (rather than level) of fertility of unmarried women is the same as that for married women.
Step
Estimate B(•,t)
Using the known age-parity-marital status-specific number of women (w(x,m,p,t)) at the beginning of year t and the initial estimate of f'(x,m,p,t), we get initial estimates of TFR'(p,t):
where α and β are the lowest and highest ages at childbearing. TFR'(p,t) are not equal to the projected TFR(p,t) if TFR(p,t) change over time. Using
[TFR(p,t)/TFR'(p,t)] as an adjusting factor, we get the second estimate of f''(x,m,p,t):
where f''(x,m,p,t) are consistent with the projected TFR(p,t). Using w(x,m,p,t) and f''(x,m,p,t), we can get the first estimate of the projected total numbers of births given by women of marital status m (denoted as B'(m,t)) and the total number of births given by all women of all marital statuses combined in year t (denoted as B(•,t)):
B(•,t) are consistent with the projected TFR(p,t) and the age-parity-marital status distribution of women (w(x,m,p,t)). B(•,t) is not marital status specific, so it is not affected by changes in r(m,t) in year t as compared to t-1, and is the right estimate of the total number of births for year t. But B'(m,t) and f''(x,m,p,t) are marital status specific, and may not be consistent with the projected ratio of non-marital fertility to marital fertility (r(m,t)) in year t, if r(m,t) changes over time. In other words, although the total number of births given by all women is correctly projected now for year t (i.e. B(•,t)), its marital status specific composition may differ from the right ones due to possible changes in the ratio of non-marital fertility to marital fertility in year t (i.e. r(m,t)). Therefore, we need to further perform the following computations.
Step 3 
gf(m,t)=gf(2,t) r(m,t)
B(m,t) = tw(m,t) gf(m,t) B(m,t) are consistent with the projected TFR(p,t) and the age-parity-marital status distribution of women, as well as the projected ratio of non-marital fertility to marital fertility (r(m,t)) in year t.
Step 4. The final estimate of f(x,m,p,t)
then f(x,m,p,t) are consistent with the projected TFR(p,t) and the age-parity-marital status distribution of women, as well as the projected ratio of non-marital fertility to marital fertility (r(m,t)) in year t.
Note that r(m,t) are not parity-specific to avoid unmanageable complications. This implies that we implicitly assume that the pattern of parity differentials in ratios of marital fertility and non-marital fertility in the projection years are the same as what were observed in the recent past, which were reflected by the age-parity-specific standard schedules of marital and non-marital fertility. But the ratio of non-marital fertility to marital fertility may change over time. One may wish to consider projecting parity-marital status-specific total fertility rates (TFR(m,p,t)) in the future years. If so, there would be 5x5=25 values of TFR(m,p,t) to be projected for each year of the projection period assuming 5 marital statuses and a highest parity of 5. It would be too difficult to project (or assume) so many parameters of TFR(m,p,t), because of the lack of observed TFR(m,p,t) in the past and the difficulty in keeping them consistent with the overall projected (or assumed) TFR. Thus, we use TFR(p,t) rather than TFR(m,p,t) because we want model to be manageable and the combination of parity-specific TFR(p,t) and marital status specific r(m,t) works reasonably well in presenting the parity and marital status differentials of fertility.
As shown in Eqs. (4)- (8), we use the projected age-parity-marital status-specific number of women in year t before fertility is computed plus other related information to estimate the age-parity-marital status-specific probabilities of birth in year t that are consistent with the projected TFR(p,t). Although we extended our projection to marital status and parity, this is basically similar to what is done in the classical population projections that use projected age-specific number of women in year t and age-specific fertility rates in year t-1 to achieve the projected TFR in year t.
The age-specific probabilities of marital status transitions in year t that are consistent with the projected propensities in year t cannot be estimated based on the age-marital status-specific number of persons at beginning of year t and age-specific probabilities of marital status transitions in year t-1 (or the standard schedules when t=T 0 ). This is because the propensity is defined as the total number of events of transition from marital status i to j divided by the total number of events that lead to entering marital status i during the entire life course in the context of marital status life table (Schoen 1988:95) . It makes no sense to compute the ratio of total number of events of transitions from i to j to the total number of events leading to status i in the same year t. For example, we cannot compute propensity of divorce in year t through dividing total number of divorce in year t by total number of marriages in year t, because almost all divorces in year t are dissolution of marriages occurred before year t. We, therefore, need to follow the period life table approach plus the iterative procedure to estimate the age-specific probabilities of marital status transitions to achieve the projected propensities in year t as described in previous section 10 . This is basically similar to and an extension of the life table approach for estimating agespecific probabilities of death that are consistent with the projected life expectancy at birth in year t in the classical population projection.
In short, the procedures proposed in this paper for estimating age-status-specific demographic probabilities that are consistent with the projected summary measures in family households projections are extensions of the approaches of estimating age specific mortality and fertility rates in the classical population projections.
Concluding Remarks
Family households projection/simulation or other relevant projection/simulation (e.g. actuarial forecasting) needs to estimate the age-status-specific demographic rates to achieve the projected (or assumed) summary measures of demographic changes in the future years. The estimation cannot be done by simply inflating or deflating each set of age-specific probabilities of marital status transitions independently, as in estimating fertility rates in the classical population projections. This is because the changes in the propensity of one status transition affect the at-risk population and the number of events of other status transitions. This paper presents procedures for estimating age-status-specific demographic probabilities to ensure that the projected summary measures are achieved consistently. The method proposed in this paper can be applied in both macro and micro models for family households or actuarial/welfare projections and simulations that need the time-varying age-status-specific demographic probabilities as input.
age and sex distribution in year t +1 (or t+5 if 5-year age data and a 5-year projection interval are employed) based on the age and sex distribution in year t. The agespecific demographic rates in year t+1 (or t+5) are estimated based on the age-specific demographic rates in year t. 6 All the rates and propensities referred to in this article are also sex-specific, but we omit the sex dimension in the presentations for simplicity. 7 The 4 marital statuses model includes single, married, widowed, and divorced; The 5 marital statuses model includes single, married, widowed, divorced, and cohabiting;
The 6 marital statuses model includes single, married, widowed, divorced, cohabiting, and separated. 8 In order to consider the impacts of marital status changes on marital and non-marital fertility, one may take w(x,m,p,t) as the average of w'(x,m,p,t) at beginning of the year before marital status changes in year t are computed and the w''(x,m,p,t) after the marital status changes in year t are computed; both w'(x,m,p,t) and w' '(x,m,p,t) are before fertility in year t are computed. The strategy of computing marital status changes and fertility at different points of time in the single year age interval in year t was first proposed by Bongaarts (1987) , and mathematically and numerically verified by Zeng (1991: 61-63 and 81-84) .
9 Obviously, r(2,t) = 1.0, when m=2 (currently married).
10 One may consider using general rates of marital status transitions as summary measures of marital status changes and age-marital status-specific number of women at beginning of year t to estimate the age-specific probabilities of marital status transitions in year t. The general rate of marital status transitions is defined as total number of events of transition from marital status i to j divided by the total number of persons of marital status i in year t. Such approach is, however, not recommendable, because the general rates of marital status transitions whose denominators include all persons of marital status i may be heavily distorted by age distribution of the population.
96 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 97 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 98 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 99 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
In the starting year T 0 , let p ij (x,t) = p ij (x,s). We first use the p ij (x,t) to construct a multi-state life table to get the first set of propensities of marital status transitions in year t (A 1 (i,j,t)), which are not equal to A(i,j,t+1), when the propensities are changing.
We then use ) , , ( The absolute values of "% diff." are 2-9%. This demonstrates why the projected x% of changes in propensity of the marital status change cannot be achieved through simply inflating or deflating the corresponding age-specific probabilities of the marital status transitions by x%.
After 46 iterations (n=46), the p n ij (x,t) which match the projected A(i,j,t+1) are estimated and listed as follows. The X n (i,j,t), A n (i,j,t) and the % diff. are listed and discussed at the end of the following table.
Number of iterations = 47 (n=47)
x P 12 (x,t+1) p 15 (x,t+1) p 24 (x,t+1) p 32 (x,t+1) p 35 (x,t+1) p 42 (x,t+1) p 45 (x,t+1) p 51 (x,t+1) p 52 (x,t+1) Number of iterations = 46 (n=46)  i→j  1→2  1→5  2→4  3→2  3→5  4→2  4→5  5→1  5→2  X n (i,j,t) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 After 46 iterations, each X n (i,j,t) is equal to 1.000; each A n (i,j,t) is extremely close or equal to A(i,j,t+1); all absolute values of the discrepancy rate (% diff.) are less than 0.1%. The discrepancy rate can be reduced further with additional iterations. For example, the discrepancy rate is less than 0.01% with 91 iterations. We therefore consider that that convergence is achieved, and the goal of estimating p ij (x,t) to be consistent with the projected A(i,j,t+1) has been achieved.
